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Abstract

We propose a new approach to nonparametrically identify and estimate production
functions when elasticities are heterogeneous across firms and vary jointly with every
input. We assume an unobserved, firm-specific technology type that enters the produc-
tion function nonseparably alongside capital, labor, and materials. We show that under
mild conditional independence restrictions on a two-period repeated-measurement sys-
tem, the firm’s flexible-input elasticity and its position in the type distribution are
nonparametrically identified using a Kotlarski-type conditional deconvolution of the
materials cost-share equation. The remaining elasticities can be recovered in the sec-
ond stage, similar to Gandhi et al. (2020), where the fitted technology-types enter as
an additional state variable to be conditioned on in a sieve-GMM procedure.
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1 Introduction
Production function estimation is a long-standing empirical problem: it links firms’ input

choices to their output. Identification of the output elasticities and consequently the dis-

tribution of firm-level productivity is constrained by endogeneity issues. This is because
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productivity is unobserved by the econometrician, but observed by the firm when making

input decisions.

A popular approach to address this issue is to introduce a proxy variable for unobserved
productivity, such as investment (Olley and Pakes (1996), henceforth OP) or an intermedi-
ate input (Levinsohn and Petrin (2003), henceforth LP; Ackerberg et al. (2015), henceforth
ACF). These proxies are functions of state variables such as capital and unobserved pro-
ductivity. These functions are assumed to be strictly increasing in their scalar unobserved
productivity component. Inverting them controls for unobserved productivity, and the pro-

duction function parameters can be estimated using a simple two-stage approach.

The standard Cobb-Douglas production function used in these procedures restricts the
unobserved heterogeneity between firms to be additively separable from inputs. There has
been substantial effort dedicated to extending these models to allow for unobserved het-
erogeneity in output elasticities. Recent evidence has found that common functional form
assumptions, such as additive heterogeneity, are not compatible with the data. For exam-
ple, Raval (2019) finds substantial variation in capital shares in the ready-mixed concrete
industry, persistent across time and correlated with firm size. Heterogeneous coefficients
are one way to reconcile these empirical findings by allowing for firm-specific production
functions. The literature on heterogeneous production functions is small relative to the em-
pirical research using the homogeneous coefficient model, even though many recent empirical
studies have found heterogeneity in firm behavior and decisions.! This is because estimating
the homogeneous coefficient model by itself is very difficult due to the issue of unobserved

productivity and simultaneity bias.

An important downstream consequence of heterogeneous production function elastici-
ties is an attenuated estimate of markup dispersion across firms. Flexible input elasticities
and cost-share estimates are two objects required for the production-function-based ap-
proach to markup estimation. If elasticities are homogeneous, this suggests markups are
invariant to firm-specific differences, which contradicts what the empirical literature finds
on the cross-sectional dispersion and evolution of the markup distribution. Recent papers
attribute changes in the markup distribution to labor-augmenting productivity (Demirer,
2020). Factor-augmenting productivity is a restriction on how heterogeneity is allowed to
enter the production function: it rescales one input’s effective quantity by a firm-specific

shifter, leaving the underlying elasticity function common across firms. Therefore, hetero-

1Some notable examples are Kasahara et al. (2017), Balat et al. (2019), and Li and Sasaki (2017), to name
a few. Gandhi et al. (2020) also estimate a nonparametric production function and obtain heterogeneous
estimates.



geneity shows up only in the augmented input’s own effective units and not in the other

inputs’ elasticities.

This paper offers an alternative, more general explanation. We allow an unobserved
technology type to enter the production function nonseparably, so that the elasticities of
materials, capital, and labor can all vary jointly with the same firm-specific type, rather
than restricting heterogeneity to operate through a single input’s effective units. Consistent
with this distinction, our empirical results (Section 6) show all three elasticities moving
systematically with the recovered technology type, a pattern a purely factor-augmenting

specification cannot generate.

We show that the firm-level elasticity of output with respect to the flexible input, the
distribution of the ex-post production shock, and the firm’s rank in the distribution of an
unobserved technology type are nonparametrically identified using a conditional deconvolu-
tion argument applied to a repeated measurement of the flexible input’s cost share. This
holds under conditional independence of the unobserved type across periods and mild reg-
ularity conditions on the relevant conditional characteristic functions. These conditions are
the panel analogue of those used to identify measurement-error and random-coefficient mod-
els by conditional deconvolution, such as Hu et al. (2020) and Li and Vuong (1998). The
conditional characteristic function of the bundled elasticity-and-shock term is identified in
closed form via Kotlarski’s identity, up to a location normalization; the ex-post shock’s own
characteristic function is identified as well, and hence its full distribution follows immedi-
ately. Identification of these characteristic functions gives identification of the correspond-
ing conditional distribution functions by Fourier inversion, and hence identification of the
flexible-input elasticity surface at every quantile of the technology-type distribution, due to

the inverse relationship between quantiles and the CDF.

We propose a two-stage estimator motivated by this identification strategy. The first stage
recovers each firm’s ex-post shock and technology type from the deconvolution argument,
and the second stage recovers the remaining (capital and labor) elasticities, together with
productivity, using a sieve-GMM procedure resembling Gandhi et al. (2020)’s second stage.
In our empirical application, we consider a widely used firm-level manufacturing dataset and
estimate the full nonseparable production surface, including the materials elasticity across
the recovered technology-type distribution and the capital and labor elasticities at each firm’s
own realized state. We show that heterogeneity in these estimates is systematic. Materials
elasticities rise with a firm’s recovered technology type in every industry we examine, while

capital and labor elasticities tend to fall. This pattern has direct implications for how



markups and productivity dispersion are measured.

The rest of the paper is organized as follows. Section 2 reviews the GNR procedure for
estimating a gross-output production function and shows why it does not allow elasticities to
vary with an unobserved technology type. Section 3 introduces the nonseparable production
function and the technology type. Section 4 presents conditions under which the flexible-
input elasticity, the ex-post shock, and the technology type are identified. Section 5 proposes
a two-stage estimator and discusses its properties. Section 6 applies the two-stage estimator
of Section 5 to a U.S. manufacturing dataset. Section 7 concludes with directions for future

research.

2 Literature Review

We briefly review the procedure of Gandhi et al. (2020) for estimating a gross-output pro-

duction function (in logs):
Yie = fi(Kit, e, mae) + wie + €at, (1)

where y;; denotes gross output for firm ¢ at time ¢, k;; and [;; denote capital and labor, my, is
a flexible (variable) input such as materials, w;; is Hicks-neutral productivity known to the
firm when my; is chosen, and ¢;; denotes an ex-post shock to production realized only after

mg 18 chosen.

Gandhi et al. (2020) (henceforth GNR) show that applying the standard proxy-variable
procedure of OP, LP, or ACF directly to a gross-output specification like this one runs into
a fundamental identification problem. The flexible input’s own optimal demand function,
mie = My (Kit, lig, wie ), can be inverted to write w;; as a function of the same state variables
(kit, liy, my) that the first-stage proxy regression conditions on. Substituting this inverted
function back into the production function collapses f; and the (unknown) inverted pro-
ductivity function into a single reduced-form function of (k;;, l;;, m;;) alone, so the materials
elasticity cannot be separately recovered from the reduced form using only the information

available in a gross-output first stage.

GNR’s solution instead identifies the flexible input’s own output elasticity directly from

its static first-order condition, rather than from a proxy-variable inversion. Let

aft(kita Lit, mit)
omgy

Dt(km Lit, mz't) = (2)

denote the output elasticity of materials. Because m; is chosen to maximize expected profit
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after (ki lir,w;;) are known, but before g;; is realized, the firm’s static first-order condition
for m;; gives

Py’ My
PyYi

Il

s =In(Sy) =1In (Dt(kit, Li, mit)) +1né — ey, Sy = g = Ele], (3)
so that a nonparametric regression of the observed log materials share s; on (ki Lis, M)
identifies D; directly. Given Dt, integrating over materials while holding (k;;, ;) fixed recov-
ers f; up to a constant of integration Cy(ky, l;;): purging output of the identified materials
contribution, ¥;; = yir — fbt(kit,lit,a)dlna = Cy(kit, L) + wi. Approximating Cy(k,(;0)
with a sieve in (k,1), a trial 0 inverts for trial productivity w;(0) = i — Ci(kir, lir; 0); as-
suming productivity follows a Markov process and projecting w;;(#) onto its own lag gives
an innovation &;(#), and 6 is estimated by GMM using the timing-based instruments k; and
lig—1:

E[&:(0) K, 1, ] =0  for every (j,q) in the sieve, (4)

which identifies the remaining capital and labor elasticities together with Cy(k, 1) itself.

GNR’s materials elasticity D;(k, [, m) is a flexible function of the observed state variables
only. Because inputs are chosen partly in response to the firm’s own unobserved productivity
wit, the realized elasticity Dy(ki,lir, m;) varies across firms with w;, indirectly through
firms’ endogenous input choices. Any two firms that happen to realize the same input
state (ki lir, my), whatever their own productivity histories, are assigned exactly the same
elasticity Dy (ki liy, m;;) by construction. GNR'’s framework leaves no room for a further,
independent source of unobserved heterogeneity that would let two firms at an identical
input state nonetheless have different elasticities. That is, GNR allows output elasticities
to vary with the unobservable w; only through its effect on observed input choices, not
with a separate unobserved technology type that shifts a firm’s elasticity independently of
(kit, lir, miz). The next section develops a model in which the materials elasticity depends
on such a technology type Uy directly, in addition to (ky, i, mi), and Section 4 shows how

this additional layer of heterogeneity can nonetheless be identified.



3 A Nonseparable Production Function in an Unob-

served Technology Type

The purpose of this paper is identification and estimation of the following gross-output pro-

duction function given (in logs) by:
Yit = fe(Kits Lie, Mg, Ui) + wie + €3, (5)

where k;, l;;, and m;; are defined as earlier, w;; is Hicks-neutral productivity, and ¢; is an
ex-post shock to production realized after all inputs are chosen. No separability is imposed
anywhere in f;. The firm-specific technology type U; is allowed to interact freely with
capital, labor, and materials, so that every elasticity of f; is heterogeneous and, in general,
varies with the levels of all inputs, and the unobserved type. This is a key distinction from
GNR, whose materials elasticity is a deterministic function of observed inputs alone, with no
additional source of firm-level heterogeneity. We normalize U;; to be uniformly distributed
on the unit interval, so that a firm’s rank in the technology-type distribution is the object
of interest throughout the paper.

In levels, Y = ef (Kt Lie, Mit.Uit) qwieteir = y0eit wwhere Y2 = el (KL, MieUit)twit ig output
net of the ex-post shock. Materials M;; is a static, flexible input: the firm chooses M;; after
observing (K, Ly, wi, Uy ) but before g5 is realized, so that ¢ is independent of the firm’s
information set Zy; = { Ky, Lit, wit, Ust, Py, P} at the time M, is chosen, with Ele®t|Z;] =
Eleft] = ¢ a free parameter. Define (,,(kit, lit, M, Ust) = Ofi(Kie, Lie, mig, Uyp) /O Inmy, the

materials log-elasticity, itself a function of every input and the unobserved technology type.

M;; maximizes expected profit conditional on Z;,
max { Py B[Yi | Tu] = PA Mo} = max { P Y Ble™ | T] — PY My }.

The first-order condition is

oYy

P’i
YoM,

Ble* | Iu] — Py’ =0.

Since £ L Ty, Eleft | Ty] = Eleft] = &. Because Y,0 = ef'FKin-Lit:Mit.Ui)+wir

oYy OF Y9 yo
OM; ~ Oln M, ' M; = B (Kit, Lit, mar, Uye) m




Substituting and rearranging, this equates the elasticity, scaled by &, to the observed mate-

rials cost share times efit:

PMM;,  PMM, PM M,
m kz ll i Uz L " L efit = Sl cit Sz = i : . 6
B (Kit, Lie, Mz, Uit) € Py Y? P.Y,, € t€, t PyY, (6)
Taking logs, we obtain the share equation
sy = In(Sy) = In (Bm(kit, Lit, M, Uit)) +1Iné—ey. (7)

Since ;4 L Zj, €; is independent of the technology type Uj;: this is the timing assumption
that allows the share equation (7) to separate variation in the materials elasticity driven by

U;; from the transitory noise €;;, which is exactly the deconvolution problem Section 4 solves.

Conditioning (7) on the firm’s information set Z;; is not enough to recover 3, at a specific
technology type. Since M, is itself chosen by the firm partly in response to Uy, any object
built only from the conditional distribution of s;; given (ki liz, m;;) recovers, at best, the
elasticity averaged over U’s conditional distribution given materials usage. Recovering the
full elasticity surface therefore requires exploiting the panel structure of the data, together
with an additional timing assumption on ¢, through the conditional deconvolution argument

of the next section.

Once the materials elasticity surface and the firm’s own technology type are recovered
from (7), the remaining capital and labor elasticities are recovered by a second, GNR-style
stage (Section 5) that treats C(k,l,U) = F(k,l,mg,U), the production function net of the
(now-identified) materials contribution, as a single nonseparable object of capital, labor, and

the recovered type.

4 Identification

In this section we provide conditions under which the materials elasticity (,,, the distribu-
tion of the ex-post shock g;;, and the firm’s own technology type U;; are nonparametrically
identified using conditional deconvolution arguments and other mild regularity conditions.

To simplify notation, let X;; = (ki, [z, my) and

Zip = In (B (Kit, liv, mir, Uir)) + Ing, (8)



so that the share equation (7) reads s; = Z;; — €. The log materials share is the bundled
elasticity-and-constant term less the ex-post shock. For any random variable X and p. # 0,

let X = X/p.. We assume the ex-post shocks follow an AR(1) process,

Eit = Pe€it—1 + Git, Git L g1 | X. (9)
Writing out one more period conditional throughout on X = Xj;,

Sit = Lit — Eits
(10)
Sit+1 = Z¢t+1 —&it41 = Zit+1 — Pe€it — Cz't+1>

gives two noisy measurements of the same €;;, up to the scale p. on the second. We identify
p. first, since it is needed to rescale the second measurement before the two can be fed
into a deconvolution argument. With p. in hand, §;.1 = sys1/pe = ~it+1 — €t — 5¢t+1,
so that (sit, §it+1) are now two noisy measurements of ¢; sharing a common component
with mutually independent remaining pieces, which is the structure required by Kotlarski’s
identity.

Our goal is identification of the conditional distribution of Z;;, which is identified if the

conditional characteristic function ¢z, x(s|X) is identified, since the CDF then follows by

Fourier (Gil-Pelaez) inversion,

v —isz

e
27is

1
FZit|X(’Z|X) =5 — lim

2 v—oo |

Ozl x (8| X)ds. (11)
v
Since the quantile function is the inverse of the CDF, identification of ¢z, x(s|X) implies
identification of the elasticity surface (3,,(k, [, m; T) at every quantile 7 of the technology-type
distribution.” We utilize conditional deconvolution arguments to identify p., the conditional
characteristic functions of Z;; and e;, and the normalizing constant £ under the following

assumptions:

Assumption 4.1 Suppose the following set of assumptions

(a) Random Sample: The random variables (X, Uy, €)X, are independently and identi-
cally distributed on X x U x R.

2Similar conditional deconvolution ideas have been used in measurement error models such as Li and
Vuong (1998), Schennach (2004), Song et al. (2015), in panel data models such as Neumann (2007), and in
a Kotlarski panel setting closely related to ours by Hu et al. (2020) and Evdokimov (2010).



(b) Shock Dynamics: The ex-post shock follows an AR(1) process, with innovation terms
Gt satisfying E[(yei—1]|X] = 0.

(¢) Independent ex-post shocks: €y L Ty, with the location normalization Ele; | X] = 0.

(d) Conditional Independence: (i) Uy L Uy | X (technology types are independent across
periods, conditional on inputs); (1) Uy L Gy | X; (111) Uy L ey | X.

(e) Characteristic Functions: The conditional characteristic functions ¢z, x (s|X), ¢e,,x (5| X),
and ¢, 1x(5|X) do not vanish for all s € R and X € X.

Assumption 4.1(a) places restrictions on the data generating process. Assumption 4.1(b)
is the panel AR(1) structure on the ex-post shock that lets a third period, t + 2, pin down
pe before deconvolution. Iterating the AR(1) process and taking conditional covariances of
sy with s 1 and s;49, every term involving Uy, Ujii1, Uirio, Cii1, OF (io vanishes under
Assumption 4.1(d) below, leaving only the autocovariance of €; with itself, so that p. is

identified in closed form as the ratio

e = COV(Sm Sit+2|X)
: COV(Sm Sit+1 |X) .

(12)

Proof: See Appendix A.

Assumption 4.1(c) gives the free parameter as in GNR, and its location normaliza-
tion is what pins down ¢z, x up to scale in (38) below. Assumption 4.1(d) is the con-
ditional independence condition that makes the Kotlarski factorization possible. Because
Xit = (kit, liy,my) is the full input vector, this rules out the unobserved technology type
correlating across periods through any channel tied to input choices. Assumption 4.1(e) is
a mild technical condition on characteristic functions satisfied by most standard families of

distributions.

Theorem 4.1 Under Assumption /J.1, the AR(1) coefficient p., the conditional characteris-
tic functions ¢z, x(s|X) and ¢, x (5| X), the normalizing constant €, and hence the materials
elasticity surface B, (k,1,m;T) at every quantile T € (0,1) of the technology-type distribution,
are nonparametrically identified. Given the recovered ¢z, x (5| X) and ¢.,, x(s|X), each firm’s

own ex-post shock e;; and technology type Uy are identified as functions of (S, Sit+1, Xit)-

Proof: See Appendix A.



Theorem 4.1 identifies the materials elasticity surface S,,(k, [, m;7), the distribution of
the ex-post shock €;;, and, for each firm-period, the realized pair (¢, U;;). The elasticities of
capital and labor remain to be identified, and we recover them by extending GNR’s second-
stage device to this setting, plugging in the objects Theorem 4.1 has just identified. Here,
integrating the identified f,,(k, [, m;T) over materials at each firm’s own recovered rank Uit,
and subtracting the recovered ex-post shock &;;, purges output of both the flexible input’s
contribution and the transitory noise, leaving a nonseparable function of capital, labor, and

the technology type:

o

Vit = Yit — Eit — / Bm(kita lit, 0; Uzt) dlno = C(ki, Lit, Ui) + wi, (13)

mo

with Uy entering as an additional state variable. Approximating C(k,[,U;#) with a sieve,
a trial @ inverts for trial productivity wy(0) = 9;r — C(kit, lir, Us: 0), and projecting wi,1(6)
onto its own lag gives an innovation &;,1(f). Identification follows from an orthogonality

condition on productivity innovations.

Assumption 4.2 Productivity follows a first-order Markov process,
witt1 = h(wir) + &irg, E [fit+1 | Iit] =0, (14)

where Ly = { Ky, Lit, wit, Ust, Py, Pft‘/f} s the same firm information set introduced in Section
3.

With this assumption in hand, and exactly as in Equation (4) but with Uy, joining (k, 1)
as a third argument of both the sieve and the instrument set, € is identified by the moment
condition

B [€i1(0) Ky 12, Ufﬂ =0  for every (j,¢,p) in the sieve, (15)

This moment condition identifies C'(k,[,U) and, by differentiation, the capital and labor
elasticity surfaces, now indexed by U as well as (k,[). Section 5 develops the corresponding
two-stage estimator: Stage 1 constructs Bm, €ir, and U, from Theorem 4.17s argument, and
Stage 2 is the sample analogue of the extended GNR second stage just described, with these

Stage 1 objects entering as generated regressors.
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5 Econometric Procedure

In this section we introduce a two-stage estimator motivated by the identification argument
of Section 4. From the repeated materials share equation, we recover the AR(1) coefficient
pe, the conditional characteristic functions of Z;; and e;, the normalizing constant &, and
each firm’s own ex-post shock £; and technology type Us. The second stage takes Uy as a
generated regressor and recovers the remaining capital and labor elasticities using a sieve-

GMM procedure resembling Gandhi et al. (2020)’s second stage.

5.1 A Two-Stage Estimator

Stage 1(a): The AR(1) coefficient. We estimate the conditional means of materials
shares E[si| X, F[si+1|Xi], and E[s;2| X)) using nonparametric kernel regression. Taking
the residuals gives S, Si41, Sizro; the sample analogue of the covariance-ratio identity in
Equation (12) is

. D i SitSity2

Pe ~ = .
Zi,t SitSit+1

This is similar to the covariance-differencing device used to identify serially correlated mea-

(16)

surement error in the panel data models of Griliches and Hausman (1986).

Stage 1(b): Characteristic Functions and the Elasticity Surface. We represent

every conditional density function by a common order-J Hermite-function sieve

J
frax(21X) =) ¢(X (17)

J=0

where 1); is the (physicists’) Hermite function of order j,

¥i(2) = (2750v/m) P H (2) e, (18)

H; the physicists’ Hermite polynomial of degree j. The {v,};>¢ are a complete orthonormal
basis of L*(R), so the coefficients ¢;(X) are the corresponding projections of the conditional

density onto that basis,

X) = [ Fne) v, ds =B [u(20) | X]. (19

11



Because the v; are eigenfunctions of the Fourier transform, the characteristic function

J

bx (11X) = V21 S e (X)), (20)

=0

is available from the same coefficients ¢;(X) used for the density.

From this point, we make a departure from the traditional deconvolution estimation
strategy, which relies on differentiation of a contour integral and numerical integration.
Instead, we follow Kato et al. (2021) by showing that the true ¢z

.| x satisfies, for every 7,

Iy [(1 Sit ¢Z¢t\X(’Y|X) - ¢/zit|x(7|X>) P X} =0, Dit = sit — Sit11 (21)

Proof: See Appendix B.

Substituting the Hermite-sieve representation ¢z, x(v|X) and its derivative makes this
restriction linear in ¢(X) = (co(X),...,c (X)) at every ~, with only two data-based con-
ditional expectations, E[s;e"Pi | X] and E[e"P# | X], each estimated directly by a non-
parametric kernel regression. Stacking this restriction over a frequency grid 4, ...,y gives
a homogeneous linear system A(X)c(X) = 0 for a known, (2L) x (J + 1) real weight ma-
trix A(X) built from these two conditional expectations and the fixed, tabulated Hermite
functions and their derivatives. Minimizing ||A(X)c||? subject to the density-integrates-to-
one constraint b'c(X) = 1, for a fixed vector b closed-form in the Hermite basis has the

closed-form solution

M(X)™ b

0=y

M(X) = AX)A(X), (22)

Proof: See Appendix B.

The coefficients and Hermite functions evaluated at + give us our estimate of the condi-
tional characteristic function, and hence the conditional density
J
Frax(21X) =Y &(X)y(2), (23)
=0

J

Rather than obtaining the conditional CDF through numerical integration, and introduc-
ing another computational burden before getting to the quantile-object of interest, we show

that the recursion relationship of Hermite functions yields an intuitive closed-form solution.

12



Frx(21X) = ®(2) + 23" 6;(X) g(2). (24)

=0
Proof: See Appendix B.

Here g; is an explicit polynomial of degree j —1, itself a finite combination of the Hermite

polynomials that generate the sieve basis,

f]/ﬂ 1
Qj(z)z— pk\/]_% (271 — 2k — D)) T Hy g (2)

-1
. j—2€—1 _

(25)

The CDF is the standard normal CDF plus a polynomial correction, weighted by the
same coefficients ¢;(X) that fit the density, so departures of Z;’s conditional distribution

from normality show up as a low-order polynomial adjustment to ®(z).

Evaluating ¢, x = ¢z,|x%.,|x at the imaginary argument v = —i delivers the plug-in
estimator of the normalizing constant. Since & = E[e®*] is the moment generating function
of €;; at 1, and the characteristic function analytically continues to the moment generating

function via M.(1) = ¢.,,x(—1 | X) whenever & < oo,

(T)|>

Gox(i ] X)
qux -i1X) = S (26)

The numerator simplifies immediately, since ¢s,,x(i | X) = E[e®% | X] = Ele=* | X] =
[E[1/S;: | X], which is the conditional mean of the reciprocal materials share, estimated
directly. The denominator is Stage 1(b)’s own fitted éZuI x, evaluated at the imaginary point
i. The elasticity surface then follows from (7) and the fitted CDF’s inverse using a bisection

algorithm.

A

lnﬁm(k,l,m; T) = FZ |X(7' | X = (k,l,m)) —Ing, 7€ (0,1). (27)

Stage 1(c): Recovering &, and U;. Stage 1(b) estimates only the distribution of &,
not its realization for any given firm-period, yet Stage 2’s generated regressor Uy and each
firm’s own materials elasticity Bm(kit, Lit, Mg, Uy ) = exp(si; + € —In ) from (7) both require

the realization itself. The posterior mean of €; given the firm’s own (s;, Siz11, Xit) weights

13



every candidate value e by its likelihood given the observed data. A similar device is used
by Bonhomme and Robin (2010) in an application that recovers transitory income shocks as

opposed to the ex-post shocks considered in this paper. The posterior mean is given by

/6f5it|X(€ | X) fZ¢t|X(8it +e | X) fZit+1*Cit+1|X(8it+l + :566 | X) de

Eit =

/sz'dX(e | X) fZit|X(Sit +e | X) fZit+1—Cit+1|X (SiH‘l + ﬁé?e I X) de

where the conditional densities fzm X fsz.t| x are estimated from Stage 1(b). The third
density fz, 1—Cia|x 18 shown to be recovered in Stage 1(b) as well, with full steps outlined

in Appendix A.

Like any empirical-Bayes posterior mean, this estimator shrinks every firm’s reconstructed
ex-post shock toward its own conditional mean, which may understate true heterogeneity.
This passes into the estimate of technology type, Uy =F Z:u1x (Sit +€it| X)), and therefore into

the materials, capital, and labor elasticities as well.

Stage 2: Recovering Capital and Labor. Integrating the recovered materials elas-
ticity over materials while holding (K, Ly, Uzt) fixed and purging £; from output leaves a

nonseparable function C' of capital, labor, and the recovered type:
Gie = Oty Lig, Us) + wip. (29)

We approximate C' with a tensor-product sieve,

C(k, LU 0) & 050, 17T, (30)
74P
invert for a trial productivity,
wit(0) = it — Clkie, i, Uir; 0), (31)

and project wy41(0) onto a sieve in wy (@) to construct the innovation &;;41(0), re-estimated
at every trial §. The sample counterpart to Equation (15) is a GMM criterion function,

following Gandhi et al. (2020), whose minimizer 6 delivers firm-period capital and labor

14



elasticities by differentiating the fitted sieve directly:

) A 9C . . oC
/Bk‘( it 1t7UZ ) 8lnk éa ﬁl( (A Zt;Uzt) alnl 5

(32)

We use a B-spline tensor sieve for C' as opposed to raw polynomials as in Gandhi et al.

(2020). This two-stage estimator is evaluated empirically in Section 6.

5.2 Large Sample Properties

The two-stage estimator has several tuning parameters: the Hermite sieve order J and the
frequency grid {71,...,7.} in Stage 1, the Nadaraya-Watson bandwidth h used throughout,
the sieve degree and number of interior knots for C(k, 1, U; ) in Stage 2. Gandhi et al. (2020)
itself derives no formal asymptotic theory for the sieve-GMM second stage this paper’s own
Stage 2 follows, and neither do we; formal rates and asymptotic normality for this class of
two-stage sieve-deconvolution estimators, in the spirit of the sieve-GMM asymptotics of Ai
and Chen (2003) and the two-step semiparametric GMM theory of Ackerberg et al. (2012)
and Ackerberg et al. (2014) for a generated regressor estimated in a first stage, are left to
future work, but the two stages likely differ in how tractable that theory would be to derive.
Stage 1’s materials elasticity comes from a linear system in the Hermite coefficients ¢(X) with
X]

and E[e"P# | X] - a structure close to standard semiparametric two-step estimation with

only two generated regressors entering it — the Nadaraya-Watson estimates I/E\l[site”D“

generated regressors from a first-stage kernel regression, a setting whose asymptotics are

comparatively well understood.

Stage 2 is more difficult: its capital and labor elasticities are sieve-GMM estimates that
use Uy, itself already a function of Stage 1’s estimated coefficients and posterior means,
as a regressor, so Stage 1’s sampling error propagates into Stage 2’s coefficients across two
compounded stages, which coincides with the noisier firm-level estimates of Bk, Bl in Section
6. We do not derive the resulting asymptotic distribution here. Instead, standard errors are
reported from a nonparametric bootstrap clustered at the firm level. We leave the derivation

of asymptotic properties, and validity of this bootstrap procedure, for future research.
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6 Application

We apply the two-stage estimator of Section 5.1 to a firm-level manufacturing dataset from
the U.S. to examine heterogeneity in production. For each manufacturing industry, we
recover the materials elasticity surface Bm(k, [,m;7) across the recovered technology-type
quantile 7, together with firm-period-level Bm, Bk, Bl at each firm’s own realized state and
recovered type Uss. Every industry uses the same tuning parameters: a B-spline sieve of
degree two with zero interior knots for Stage 2’s C/(k, 1, U;0). We also trim Uy, to [0.05,0.95]
before Stage 2 estimation. The tables and figures below report point estimates, dispersion

across firm-periods, and dispersion across the recovered technology-type distribution.

6.1 U.S. Compustat

The U.S. manufacturing data come from Compustat, which covers publicly traded firms
and contains data from their financial statements, giving measures of output, capital, labor,
and material inputs. Manufacturing industries are classified by the two-digit NAICS codes
31, 32, and 33. NAICS 31 includes different types of food and beverage manufacturing as
well as manufacturing of textiles and apparel. NAICS 32 includes manufacturing of wood,
paper, chemicals, and plastics. NAICS 33 includes steel, mineral, equipment, and electronic

manufacturing.

Before turning to the elasticity estimates, Table 1 reports the two industry-level structural
parameters identified in Section 4: the AR(1) coefficient p. of the ex-post shock and the

normalizing constant €.

Table 1: Persistence and Intercept Estimates for U.S. Manufacturing Firms

N

NAICS  p. &
31 0.952  1.370
(0.003)  (0.034)
32 0.944  1.435
(0.002)  (0.031)
33 0.952  1.460

(0.002)  (0.017)

*pe is the ratio of residualized-share cross-moments (36); £ is recovered from the same Kotlarski contour
used for f3,,, evaluated at v = —i.
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The ex-post shock is highly persistent in every industry (p. between 0.94 and 0.95).
Figure 1 shows both parameters directly: each firm-period’s own denoised ex-post shock &

plotted against its one-period lag &;;_;.

Figure 1: Ex-Post Shock Persistence

NAICS 31 (p, = 0.952) NAICS 32 (p, = 0.944) NAICS 33 (p, = 0. 952)

Table 2 reports the median of the firm-period-level materials, capital, and labor elastic-

ities in each industry, together with median returns to scale and median capital intensity
(Bk/B1)-

Table 2: Median Elasticity Estimates for U.S. Manufacturing Firms

NAICS
31 32 33
Materials  0.267 0.202 0.356
(0.011) (0.007) (0.005)
Capital 0.240 0.174 0.032
(0.058) (0.061) (0.032)

Labor 0.236  0.468  0.755
(0.077)  (0.076)  (0.049)
RTS 074 084 114

(0.069) (0.045) (0.033)
Cap. Int. 1.02 0.37 0.04
(4.83) (0.21)  (0.05)

*Materials elasticities are Stage 1’s Bm evaluated at each firm’s own realized state and recovered type Uzt,
capital and labor elasticities are Stage 2’s ,Bk, ,Bl, both medians across firm-periods. RTS is the sum of the
three median elasticities; capital intensity is the ratio of median capital to median labor elasticities.

As a benchmark, Table 3 reports what the standard GNR estimator recovers using the

default specification of their empirical application.
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Table 3: GNR Elasticity Estimates for U.S. Manufacturing Firms

NAICS
31 32 33
Materials ~ 0.363  0.207  0.409
(0.015)  (0.033) (0.009)
Capital ~ 0.303  0.138  0.077
(0.091) (0.103) (0.029)

Labor 0.167 0594  0.538
(0.099) (0.138) (0.039)
RTS 0.83 094  1.02

(0.055) (0.057) (0.024)
Cap. Int. 1.81 023  0.14
(25.54)  (2.66)  (0.08)

One immediate conclusion when comparing these two results is that unobserved hetero-
geneity can change elasticity estimates drastically, even after controlling for heterogeneity in

observables in the nonparametric estimator of Gandhi et al. (2020).

Figure 2: Materials Elasticity Across the Recovered Technology-Type Distribution

NAICS 31 NAICS 32 NAICS 33
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*Stage 1’s materials elasticity surface Bm(r)7 averaged across firms at each quantile 7 of the recovered
technology-type distribution. The dashed horizontal line is the corresponding baseline GNR estimator.

Figure 2 plots the average materials elasticity across the recovered technology-type quan-
tile 7 € {0.05,0.10,...,0.95}. The pattern is uniform across all three industries: the mate-
rials elasticity rises monotonically in 7, from 0.19 at 7 = 0.10 to 0.45 at 7 = 0.90 in NAICS
31, from 0.13 to 0.37 in NAICS 32, and from 0.22 to 0.49 in NAICS 33. Firms with a
higher recovered technology type use materials substantially more intensively at the margin

than firms with a lower type, holding capital, labor, and materials usage fixed. The GNR
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baseline’s flat 3, (Table 3) lands inside this type-varying range in every industry.

Figure 3: Recovered Technology-Type Distribution: U.S.

NAICS 31 NAICS 32 NAICS 33
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*Kernel density of the recovered technology type Ui;. The horizontal axis is truncated to [0.05,0.95] for
legibility; the density is estimated on the full [0, 1] support.

Figure 3 plots the distribution of technology types. Densities are unimodal and concen-
trated around Uy = 0.5 in every industry, despite Uy being normalized to Uniform(0, 1) by
construction. This is consistent with the location normalization holding on average; however,
the standard deviation (0.171-0.179) is only 59-62% of Uniform(0, 1)’s own (1/1/12 ~ 0.289),
and 76-80% of firm-periods fall in the middle two type quintiles [0.3,0.7], versus 40% under

a true uniform.

This pattern is not a violation of Theorem 4.1, which identifies the population CDF of
U;; exactly. Instead, it is the expected signature of estimating each firm’s own Us through
the posterior mean £;; of (43) rather than the true, unobserved ;. A posterior mean shrinks
every firm’s reconstructed Z-t = s;; + £ toward its own conditional mean, a common feature
of any empirical-Bayes posterior-mean estimator. Therefore, a firm truly near the tail of
the type distribution is mapped by the fitted CDF to a less extreme U, than its true rank.
Pooled across firm-periods, this compresses the tails and inflates the center of the recovered
distribution relative to the flat shape the identification argument implies for the population

object.
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Figure 4: Capital Elasticity by Technology-Type Decile

NAICS 31 NAICS 32 NAICS 33
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*Stage 2’s B, averaged within deciles of the matched recovered type U;;. The dashed horizontal line is the
corresponding median [y from Table 3’s baseline GNR estimator.

Unlike materials, capital elasticities fall across the recovered technology-type decile in
every U.S. industry we examine: from 0.33 to 0.21 in NAICS 31, from 0.38 to 0.02 in NAICS
32, and, in NAICS 33, from 0.04 up to a mid-decile peak near 0.07 before falling to —0.09
at the highest decile. Labor’s pattern is less uniform: it falls cleanly from 0.95 to 0.58 in
NAICS 33, but is non-monotonic in NAICS 31 (rising from 0.21 in the lowest decile to a
peak near 0.32 around the middle of the type distribution before falling to 0.07 at the top),
and in NAICS 32 it rises over most of the range (from 0.48 to a peak near 0.59) before
dipping slightly in the highest decile. Read together with Figure 2, the dominant pattern
is that a higher recovered technology type substitutes toward materials intensity and away
from capital intensity at the margin. This is consistent with the type indexing something
closer to flexible-input-augmenting technology than to a uniform scale shift of every input’s

productivity.

This pattern has the flavor of factor-biased technical change, but is more general than the
standard effective-units formulation (e.g., Acemoglu, 2002; Demirer, 2020), which rescales
a single input’s quantity by a firm-specific shifter before it enters an otherwise common
elasticity function. This is equivalent to a horizontal relabeling of that input’s own axis,
with the elasticity function’s underlying shape held fixed across firms. Because U;; enters the
production function nonseparably rather than through such a rescaling, it can instead change
the shape of the elasticity surface itself: materials’; capital’s, and labor’s elasticities need not
move together, or even monotonically, something a single input-augmenting shifter cannot
generate. The pattern is consistent with firms differing in how much of their production
process is embodied in purchased materials rather than in-house capital and labor, but the

recovered type is not restricted, by construction, to operate only through that channel.
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Figure 5: Labor Elasticity by Technology-Type Decile
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*Stage 2’s Bl, averaged within deciles of the matched recovered type Ui The dashed horizontal line is the
corresponding median f; from Table 3’s baseline GNR estimator.

6.2 Markups

In this section, we use the estimated flexible input elasticities (materials) to calculate markups

using the production function approach. The first-order condition for M;; gives
B (K, Lie, Mg, Use) € = pig Sig €7, (33)

so that py = B (kit, lir, mi, Uir) /Sie. Under the maintained assumption that Stage 1’s Bm
is the firm’s true, markup-free physical materials elasticity, and because Stage 1 already
constructs [, as Sy exp(éy) /€ (Section 5.1), this collapses algebraically to

Bm(kit, Lit, M, Un) _ eXp(éz‘t)
S; 5

frir = : (34)

computable from Stage 1’s ; and £. We emphasize that this is the single-flexible-input
estimator, with materials as the only flexible input.

Table 4: Materials-Based Markup Estimates for U.S. Manufacturing Firms

NAICS Median Mean [P5, P95] Share fi;; <1

31 0.644  0.822 [0.450, 1.960] 0.87
32 0.578  0.843 [0.386, 2.328] 0.85
33 0.641  0.837 [0.336, 1.777] 0.85
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Figure 6: Materials-Based Markup Distributions

NAICS 31 NAICS 32 NAICS 33
25 25 i 25
2 2 R 2
215 2150 215
[ O ) [
a a | a
1 1)) L
\
0.5 0.5 0.5 \
! . Y —
0 = [ 0 —
0 1 2 3 0 1 2 3 0 1 2 3
Hit Hit Hit

*Solid line is this paper’s own markup estimate; dashed line is the markup estimated from the baseline GNR
estimator.

Table 4 and Figure 6 show a distribution that is right-skewed and, at the median, below
one in every industry: most firm-periods have fi;; < 1 (85-87% of the sample in each indus-
try), while the mean is closer to, but still below, one (0.82-0.84) because of a long right tail
of high-markup observations. We do not read the below-unity median as evidence that U.S.
manufacturing firms systematically price below marginal cost. Two features of the construc-
tion can produce exactly this pattern even when the maintained assumption holds exactly
in population. First, £; is a posterior mean and exp(-) is convex, so exp(é;) understates
[Elexp(ei)] by Jensen’s inequality. Second, and more fundamentally, a single flexible input
gives no way to test the maintained assumption itself: with materials as the only flexible
input, there is no independent check that B, is free of market power. A second flexible
input could supply exactly that test — checking whether materials- and labor-based markups
agree — but we leave developing and implementing it to future work. In the next section, we
estimate labor’s own flexible elasticity independently and compare it, along with the persis-
tence parameter and recovered technology type, against the main model’s materials-based

estimates.

6.3 Robustness Checks: Labor as a Flexible Input

Section 3 shows that the timing argument behind the materials share equation (7) applies
equally to any input chosen after (K, w;, Uy) are known but before € is realized. Appendix
C works out what follows if labor is treated as such a second flexible input: p., &, and the
technology-type surface can all be recovered a second time, independently, from labor’s own
share equation (49) (Corollary C.1), and comparing this independent recovery against the

main model’s materials-based estimates is a natural overidentification comparison, which we
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implement here.

We compare two sets of point estimates, which should be population-exact under the
assumptions of Corollary C.1. This requires a labor revenue share S, and hence a labor-
payments variable, which is reported in the U.S. Compustat data as wage bill, from which
st, = In(wage bill,;) —In Y;;. We re-run Stage 1 with labor in the flexible-input role (i.e., with
sy replaced by sl) using the identical tuning parameters (Hermite order, frequency grid,

bandwidth rule) as the materials-based estimator.

Table 5: Robustness Checks: Labor’s Own Share Equation vs. Materials

NAICS  pL pe gl £ Corr(U,,Uy) B Ratio
31 0.939 0.952 2.526 1.370 0.306 0.086 / 0.236
32 0.949 0.944 1530 1.435 0.360 0.132 / 0.468
33 0.933 0.952 1.323 1.460 0.350 0.179 / 0.755

*pL, &: Corollary C.1’s independent deconvolution of (49), with labor as the flexible input; pe, & the

main, materials-based Stage 1 of Table 1. Corr(U},,U;;) is the Pearson correlation of the two independently
recovered technology types. The (; ratio is labor as a flexible input relative to labor as a predetermined
input, estimated from the main model and obtained from Table 2.

The persistence parameter pL agrees closely with the materials-based p. in every indus-
try (within 0.005-0.02), supporting the AR(1) persistence of the ex-post shock as a robust
feature of the data, recoverable from either flexible input’s own share equation. The nor-
malizing constant &' is farther from its materials-based counterpart, particularly in NAICS
31 (a factor of 1.8), and the recovered technology types (7ft and Uy, are positively but only
moderately correlated (0.31-0.36), not the near-unity agreement that population-exactness

under Assumption 4.1 would imply.

Bl’s two independent estimates diverge more starkly: the direct, labor-based Stage 1 es-
timate is systematically smaller than when estimated in Stage 2 (roughly 2.8-4.2). What
survives across the two estimates is the ranking across industries. NAICS 31 has the smallest
labor elasticity and NAICS 33 has the largest. We read this pattern as an informative diag-
nostic and not necessarily a formal overidentification test for unobserved technology types.
This comparison demonstrates that the timing assumptions on labor critically change the
levels of the coefficient estimates; however, robust, real features of the data (e.g. persistence
of ex-post shocks and ranking across industries) are preserved. A formal overidentification

test is left for future work.
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7 Conclusion

We propose a method for identifying and estimating a gross-output production function in
which every elasticity is heterogeneous and interacts freely with an unobserved firm-specific
technology type. Identification proceeds by a Kotlarski-type conditional deconvolution of
the materials cost-share equation, exploiting a two-period repeated-measurement system
and a set of conditional independence restrictions that are the panel analogue of those
used elsewhere in the measurement-error and random-coefficients literature. The resulting
two-stage estimator is computationally attractive relative to a fully joint estimation of the
nonseparable surface. Stage 1 uses only kernel regression and a closed-form Hermite-sieve
characteristic-function representation, and Stage 2 resembles the sieve-GMM second stage
already standard in Gandhi et al. (2020). An application to a widely used U.S. manufacturing
dataset shows that materials elasticities rise systematically with the recovered technology
type in every industry we examine, while capital and labor elasticities tend to fall. These are

patterns of heterogeneity that a homogeneous-coefficient production function cannot express.

This paper contributes to the growing literature on production functions with unobserved
heterogeneity by identifying and estimating that heterogeneity directly from the flexible in-
put’s own first-order condition. Two important restrictions remain for future work. First,
when labor is treated as a second flexible input dependent on the same technology type
U;; as materials, Section 6.3’s comparison between the two independently recovered objects
is only qualitative; deriving a formal overidentification test, with a corresponding sampling
distribution, is left to future work. Second, labor may instead depend on its own technology
type, entirely separate from materials’ U;;, a specification this paper does not consider; deriv-
ing the corresponding identification argument, together with a formal test of this alternative

against the shared-type specification above, is a further direction for future work.
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Appendix

A Identification

Derivation of the share equation (7):

M;; maximizes expected profit conditional on Z;; = { Ky, Lit, wir, Uir, Py, Pft” ,

max { Py E[Yi | Tl = Py M} = maox { P Y Ble | T = PY' My |,

using Y = Y¢St with Y = ef'(KnliMiUi)twie nonrandom given Zy. The first-order
condition is
it oM, e it] — Py = 0.

Since € 1 Ty, Eleft | T;;] = Elefit] = &. Because Y,) = ef'(Kit-Lit.Mie.Uie) wie

92 OF Yy Vi
it s == Bm(kih lit: Myt UZ ) -

6Mit N Oln Mit ‘ Mz Mzt
Substituting into the first-order condition and rearranging,
PMM, PM M, PM M,
mkialiv i)Ui s =4 == - EitESi Eit; SZ = it Z-
il i U) € = "p 57 = "y, 1 = S ‘T PY

Taking logs gives (7). B
Proof of Theorem 4.1:
Step 1: Identifying p..
Iterating the AR(1) process by one more period,
Eit42 = PeCitr1 + Gtz = (pe)’€it + peCit1 + Cirso, Sit+2 = Zitr2 — (p=)°€it — peCir1 — Ciryo-

Under Assumption 4.1(d), Uyy1 L Uy | X and, applied one period further, U;io L
(Uit,Uit+1> ‘ X, together with Eit 1 (Uit+1,U/L’t+2) ’ X and Uit 1 (Cit+17€it+2) | X, every
term in Cov(sy, siy1 | X) and Cov(sy, Syse | X) involving Ziy, Ziyr1, Zitro, Citr1, OF Cirro

vanishes, leaving only the autocovariance of ;; with itself:
Cov(sit, Sits1 | X) = p-Var(ey | X), Cov(8it, Sitr2 | X) = (pe)*Var(ey | X). (35)

Dividing the second relation in (35) by the first, Var(e; | X) cancels and p. is identified in
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closed form, observed from the data, as

. Cov(sit, Sitra | X)

= . 36
P COV(Sz‘tasit—H | X) ( )

Step 2: The Kotlarski Factorization.
With p. identified, rescale the second period $;11 = sys1/pe = ~it+1 — € — C~it+1. The

characteristic function of (s, §;4+1) conditional on X can be written as

‘D(sit,gitﬂnx(’)’l, V2| X)
= [exp{i[v1Zit + 12 Zits1 — V2Gits1 — (71 + 2)ea)} | X]
=Elexp{ivaZirs1} | X]Elexp{—ivaGies1} | X]Blexp{in1 Zi} | X]Elexp{—i(mn + 12)eic} | X]
:¢z}t+1|x(’>’2|X) ¢5it+1\X(_72|X) ¢Zit|X('71|X) ¢eit|x(—% - 72|X)7
(37)

where the second equality factors the joint expectation into four separate terms using As-
sumption 4.1(d)(i)-(iii): (d)(i) and (d)(iii) separate Z;; and e; from (Zi41, Cir), and (d)(ii)
further separates Zy,, from Cyi1. Equation (37) is Kotlarski’s identity (Kotlarski, 1967),
brought into econometrics by Li and Vuong (1998) and adapted to this panel/AR(1) setting
following Evdokimov (2010). Given two noisy measurements sharing a common component
(e;) with mutually independent remaining components, the marginal characteristic function
of Z; is identified as

T [ si exp (1 it — Sit X
62 (71X) = exp ( e }damm[emm), (38)

identified up to the location normalization Ele; | X| = 0 of Assumption 4.1(c), and given
that ¢, x and ¢,,_s,,,|x are non-vanishing according to Assumption 4.1(e).
Since s = Zit — €its Gs,yx (V| X) = 02,1x (V]| X) ey x (—7]X); dividing this out of the

characteristic function of the data and evaluating at —~,

¢szt|X(_7|X)

it X) = 5
exONX) = O SR

(39)

recovers the full distribution of the ex-post shock ¢;;, given X. This proves identification
of ¢z, 1x(7|X) and ., x(v|X); the CDF Fy, x(2|X) then follows by Fourier (Gil-Pelaez)
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inversion of (38),

v —isz

Fz,x(2|X) =

.
— — lim -
2 wvooo J_ ) 27is

¢Zit|X(S|X)dS‘ (40)

Step 3: Identifying &.
¢ = E[e®t] is the moment generating function of ¢; evaluated at 1. The characteristic
function analytically continues to the moment generating function via M.(1) = ¢.,,x(—1| X)
whenever E[e®] < co. Evaluating (39) at v = —i,

_ . Psin1x (i | X)

E=¢ex(—1] X) = —""———. (41)

. Oz (i X)

The numerator simplifies immediately since ¢, x(i | X) = E[el®s | X] = E[e~*" | X] =
[E[1/S;: | X], the conditional mean of the reciprocal level materials share. The denominator
follows from evaluating (38) at v = i; the location normalization E[e;; | X] = 0 sets its
second term to zero, leaving a contour integral from 0 to i along the imaginary axis, using

the same integrand as (38). Combining this with (41) identifies £ from observed data alone.
Step 4: Identification of By,(k,1,m;T).

Since the quantile function is the inverse of the CDF (40), this fact, together with the results
from Step 3, identifies, for every 7 € (0, 1),

In Bk, 1,m;7) = Fyl (7| X = (k,1,m)) —Ing, (42)

which is the materials elasticity surface at every observed level of (k, [, m) and every quantile

7 of the (conditional) technology-type distribution.
Step 5: Identification of Firm Specific €5 and Uy.

By the same argument as (37) with the roles of ¢ and ¢ + 1 reversed, ¢z, ., |x and ¢, ,,|x are
identified alongside ¢z, x and ¢, x; let fz,. ¢, ,|x denote the density corresponding to
their convolution, which is itself identified since it is the Fourier transform of the (identified)
product ¢z, |x - ¢¢,..|x- Given the measurement equations (10), the posterior mean of €,

given the firm’s own observed (s;, Siz11, X) 18

/6 fEith(e | X) fZit|X(Sit +e | X) fZit+1*Cit+1|X (Sit-l—l + pee | X) de

Eit = ]E[&‘t \ Sits 3it+1>X] = )
/fsit|X(€ | X) sz'th(Sit +e | X) fZit+1_Cit+l|X (Sit-i'l + pet | X) de
(43)

a function only of (s, Si+1, X ) and the densities already shown to be identified in Steps 1-3,
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and hence itself identified. Applying the identified CDF Fy,, x to the resulting Zit =Sy +E&u

identifies the firm’s own position in the type distribution,
Ui = Fryx(su+éx | X). N (44)

An important conclusion of this theorem is that it nonparametrically identifies not only
the population elasticity surface ,,(k,l, m;7), but, through Step 5, each individual firm-
period’s own materials elasticity Bm(kit, Lit,mi, Uy) = exp(si + i — Iné) directly from (7),
which is what makes it possible in Section 5 to use Uy as a generated regressor in a second

stage that recovers firm-period-level capital and labor elasticities as well.
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B Estimation

This appendix collects the derivations behind Section 5’s two-stage estimator.

The linear moment restriction used in Stage 1().
We verify the following claim using the same device Kato et al. (2021) use to prove their

own moment restriction: the true ¢, x satisfies, for every -,

E| (i1 674x(11X) = ¢, x (11X)) €77

X] =0, Dyt = sit — Sit41- (45)

Verification of (45):
Because ¢z, x(7|X) and ¢/ (7|X) are nonrandom given X, (45) is equivalent to

i 7,,x (V1 X) E[sueP

X] = ¢y, x (VI X) E[e" | X].

We verify this by differentiating (37) with respect to 7, holding 7, fixed, and then setting
Y2 =N
Step 1: differentiate both sides of (37) in v1. The left side is E[elnsutr25iur) | X1 by

definition, so

0o, LHS = i[E [ e'nssetmfin) | X,

On the right side, ¢z, | x(72[X) and ¢¢,,, x(—2|X) do not depend on 71; the product rule

on the remaining two factors gives

0, RHS = 67,1 (121 X) 02, (=121) [8,x (11X) deix (=1 — 2l X)

_¢Zzt‘X(71|X) ¢/€zt|X<_71 - 72|X) )

using d%lfbemx(—% — 72| X) = =L, x (=711 — 72|X) by the chain rule.
Step 2: set v = —v1. The left side becomes i[E[s; 7P | X]. On the right, ¢.,,;x(—1 —
V2| X) = ¢y x(01X) = 1, and ¢ (=71 — 1|X) = ¢., x(0[X) = iE[e; | X] = 0 by the

location normalization (Assumption 4.1(c)), so the second bracketed term vanishes, leaving

0., RHS| = 0z, 1x(—11X) 8z, x(n|X) ¢z, x (n]X).

Y2=—nN

Step 3: eliminate ¢z, | xP¢, . x- Setting v = —v1 in (37) gives @y, 5., x(11|X) =
¢Zit+1|x(_71|X) ¢g}-t+1|x(71‘X) bz, x(11|X), so, dividing by the non-vanishing ¢z, x (71|X)
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(Assumption 4.1(e)),

By —zi0011x (71| X)
(=l X) & X) = e
¢Zzt+1|X( /71| ) ¢Czt+1|X(/71| ) ¢Zit|X(71 |X)

Step 4: combine. Substituting Step 3 into Step 2, equating to the differentiated left side,

and writing v for v,

i¢Zit\X(”}’|X) E[Sitei'yDit

X] = ¢S¢t—§it+1|X(7|X) ¢,Zit|X(’Y|X) — E[ei')’Dit

X]¢7,1x(11X),

using ¢5it*§it+1|X(ﬁy|X) = E[ei’yDit
[ |

X| by definition, which is the form of (45) stated above.

Equation (45) holds without differentiating (38) and without the non-vanishing-characteristic-
function condition that the formula requires. This is the same property Kato et al. (2021)
establish for their own moment restriction by a similar argument. Section 5.1’s Stage 1(b)

uses (45) directly for estimation.
The Closed-Form Coefficient Solution.

Stacking (45) over the frequency grid ~1,...,7, gives the homogeneous linear system
A(X)e(X) = 0 of Section 5.1. Estimating ¢(X) minimizes || A(X)c||? subject to the density-
integrates-to-one constraint o'c(X) = 1, which pins down scale and rules out the trivial

solution ¢(X) = 0. We derive the closed-form minimizer explicitly.

Step 1: Set Up the Lagrangian. Writing the objective as ||A(X)c||? = CA(X)' A(X)c =
¢ M(X)c for M(X) = A(X)'A(X), the constrained minimization problem has Lagrangian

L(c,\) = M(X)e—AVc(X)—1).

The two first-order conditions of £ deliver the estimator directly. Since M (X)) is symmet-
ric, (¢’ M(X)c)/dc = 2M (X)e, so the first-order condition in ¢ is dL/dc = 2M (X)c(X) —
Ab = 0, giving ¢(X) = $M(X) b (with M(X) invertible provided A(X) has full column
rank); the first-order condition in A, 0L/OX = —(V¢(X)—1) = 0, just returns the constraint

b'c(X) = 1. Substituting the first expression into the second pins down the multiplier,

(A 1) A 1
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and substituting back into ¢(X) = M (X)~'b gives the closed form stated in Section 5.1,

M(X)~ '

“X) = oo

(46)
Because M(X) = A(X)'A(X) is positive semidefinite, ¢ M(X)c is convex in ¢, so the sta-
tionary point identified above is the global minimizer. l

The CDF Recursion Used in Stage 1(b). Since Stage 1(b) fits ¢z, x in the Hermite-sieve

basis, the same coefficients ¢(X) give the CDF as the closed finite sum used in Section 5.1,

J

Frgx(:X) = 360056, w6 = [ wo, ()

J=0

where U; satisfies the two-term recursion

wz)=—\/§wj_1<z>+,/j%%_2<z>, i1 wa()=0,  (48)

bottoming out at Wo(z) = v/27/4®(z), where ® is the standard normal CDF. Because the
recursion steps down by 2 in j, every even-order ¥, embeds one evaluation of ®(z), while
every odd-order ¥; bottoms out at the elementary W,(z) = —v/2(2). ® is evaluated by a
standard library routine, so (48) gives every ¥; exactly and cheaply.

Derivation of (48): Let I;(2) = [*_H;(v)e™"/2dv, so that ¥;(z) = (27j!y/7) V2I;(2).
The Hermite polynomials satisfy the derivative relation H; ,(z) = 2(j — 1)H; »(2) and
the three-term recurrence H;(z) = 2zH;_1(z) — 2(j — 1)H;_2(2), the latter rearranged as
2H; 1(2) = $H;(2) + (j — 1) Hj_o(2). Differentiating —H;_(2)e*"/? and substituting these

two relations,
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Integrating from —oo to z, the boundary term vanishes because H. ]’_1(’(})6_1}2/ 250asv—
—00, leaving
Ij(z) = =2H; 1 (2)e ™" P 420 = Djoa(z), j22,

with base cases, by direct integration, Io(z) = [°_e**/?dv = V271 ®(2) and I,(2) =

[7 _2ve™?dv = —2¢7%*/2. Substituting Hj(2)e /2 = (2/j1y/m)%;(2) and I;(z) =
(27514/7)Y2W;(2) into the recursion for I; and dividing by (27;!y/7)"/2,

2271 - Vv

: iags —\1/2
(21 ~|\/_)1/2 Yj-1(z) + 2~ D270 - D7) v
ARVAIS

1/2 ]—2(2)7
(@i

W(z) = —

and simplifying each coefficient. The /7 factors cancel, leaving 2(277!(j —1)!) 12 /(275) 2 _

V277 and 2(j — 1)(272(j — 2)))/?/(275)""* = /G —1)/j. This gives (48) for j > 2.
Extending to j = 1 with the convention W_;(z) = 0 gives W,(z) = —v/2(z), which is
equivalent to I;(z) = —2¢~*"/2. B
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C Extension: A Second Flexible Input

The baseline model of Sections 3-5 treats materials as the only flexible input: capital and
labor are recovered jointly, in Stage 2, as a single nonseparable object C(k,l,U). In many
applications labor is chosen with as much within-year flexibility as materials — hired and
laid off period by period, well before the ex-post shock ¢;; is realized — so it is natural to
ask what changes if labor is treated as a second flexible input rather than folded into Stage
2. This section works out that extension in theory: it shows that both flexible inputs’
elasticities are recovered in Stage 1, using a ratio identity that turns out to be robust to the
ex-post shock, and that Stage 2 then reduces to capital alone. The reduced Stage 2 itself
has no accompanying empirical implementation here; Section 6.3 of the main text, however,
does implement and apply this section’s overidentification check (Corollary C.1) to the U.S.

application.

C.1 Labor as a Second Flexible Input

Suppose labor Ly, like materials M;,, is chosen after (K, wy, U;) are known but before &5
is realized, so that the same timing argument behind (7) applies to labor directly. Define
the labor log-elasticity [ (kit, Lit, mit, Ui) = O fi(kig, Lig, Mg, Ui ) /O In 1. The static first-order-

condition argument (Appendix A) applied to L;; instead of M, gives a second share equation,
Si‘t = ln(Sth) =1In (/Bl(kih lit) M, Uzt)) + Ing — Eits Szlt = it it (49)

with the same normalizing constant & and ex-post shock €; as (7), since both are shocks to

the same realized output Y.

Corollary C.1 Under Assumption /.1, with My replaced by Ly, the objects p., ¢Z§t|X(S‘X)
(the characteristic function of Zl, = Infi(-) + In&), ¢.,,x(s|X), &, and the labor elasticity
surface pi(k,l, m; T) are nonparametrically identified by the argument of Theorem 4.1, applied
verbatim to (49).

Corollary C.1 means labor’s elasticity surface, in theory, could be recovered by an entirely
independent second deconvolution, run on (49) exactly as Stage 1 already runs on (7). But
because ¢;; and £ enter (7) and (49) identically, a second deconvolution is unnecessary for

recovering labor’s elasticity. Differencing the two share equations cancels both terms exactly.
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Lemma C.1 (Ratio identity) Under the timing assumption of this section, for every firm-
period with ST > 0 and S, > 0,

Bi(ki, e, e, Us) \ B St
o <5m(k’it> lig, mg, U; )> — ST S = In ( ) (50)

Proof: Subtract (7) from (49): sk, — s = [ln B, +Ing — 5“} — [ln B +1Iné — eit} =
Ing, —Ing,. R
Given £&;; and Uit from Stage 1’s materials-only deconvolution (Section 5.1), Lemma C.1
recovers labor’s own firm-period elasticity directly from the two observed revenue shares,
Bi(kie, ity Mie, Uie) = Bun(Kigy Lity g, Us) - = (51)
so that both flexible inputs’ elasticities are available from Stage 1: B, from the deconvolution
as before, Bl from (51). Running the independent deconvolution of Corollary C.1 on (49)

could, however, serve as a natural overidentification test on the model by checking that p.,

£, and f; agree with (51).

C.2 A Reduced Second Stage: Capital Alone

With both flexible inputs’ elasticity surfaces in hand, Stage 2 no longer needs to recover
labor. Define C'(k,U) = F(k,ly, mo, U), the production function net of both flexible inputs’
contributions, and purge output of the integrated contribution of M;; and L;; along any path

from (ly, mg) to (L, mi) holding (k;, Ui;) constant.
i) ) ) ) )
Uit = yit_éit_/ [ﬁm(kita 01, 0m, Uit) A1 0, 4By (Kit, 01, 01, U) dIn UZ} = C(kit, Ugt ) Fwit.
o (52)
Approximating C'(k, U; 0) with a sieve in (k, U), the GMM construction of Section 5.1 applies
directly, with the instrument vector reduced to k7, HUS and delivers 3y (kir, Uy) = 0C /0 n k|,
by differentiating the fitted sieve as before.
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